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Let Kr~ be the complete graph on N vertices, and assume that each edge is assigned precisly 
one of three possible colors. An old and difficult problem is to find the minimum number of 
monochromatic riangles as a function of N. We are not able to solve this problem, but we can 
give sharp bounds for certain combinations of the number of triangles of various kinds. These 
sharp bounds are related to the main problem, and may be of independent interest. 
1. Introduction 
Let KN be the complete graph on N vertices (points) and suppose that each 
edge (line joining two vertices) is assigned exactly one of three possible colors: 
blue, green, or red. After the coloring, let B be the number of monochromatic 
(solid) blue triangles, G the number of monochromatic green triangles, and R the 
number of monochromatic red triangles. An old and difficult problem is to find 
the function ~b (N) that gives the minimum for B + G + R for all possible colorings 
of K~ with the three colors: blue, green, and red. 
When only two colors are used (blue and red) the simpler problem was solved 
by the author [2] who proved: 
Theorem A. In any coloring of KN with two colors; blue and red, 
[~N(N-2) (N-4) ,  
B + R >t I~N(N"  1)(N- 5), 
[.~4(N + 1)(N- 3)(N- 4), 
if N--  0 (mod 2); 
if N = 1 (mod 4); 
if N-- 3 (mod 4). 
These lower bounds are sharp for every integer N> O. 
(1.1) 
An upper bound, B + R ~< N(N-  1)(N- 2)/6 is trivial. 
In 1961 Leopold Sauv6 [5] gave a much simpler proof of Theorem A, by the 
clever introduction of a system of weights. In this paper we use the Sauv6 method 
of weights, to investigate the coloring of Kr~ with the three colors: blue, green, 
and red. Before stating our results we need more notation. We let T be the 
number of tricolored triangles, those with one side blue, one side green, and one 
side red. Further we let $2 be the number of bicolored triangles, that is, the 
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number of triangles with exactly two sides the same color. Finally B, G, and R 
have the meaning already given. Then we have 
Theorem 1. In any coloring of K N with three colors 
0<~2S2 +3T<~I N(N - 1) 2 
if N--0,  2 (mod 3); 
if N-- 1 (rood 3). 
(1.2) 
These bounds are sharp for each N > O. 
We will also prove: 
Theorem 2. In any coloring of Kr~ with three colors 
(N(N-2) (N-3)  
B+G+ R + ~ ~ 1 - 8 ~  
LN(N-1)(N-4) 
18 
, if N---0, 2 (mod 3); 
, i f  N-  1 (mod 3). 
These bounds are sharp for each N > O. 
Obviously the upper bound in (1.3) is N(N-1) (N-2) /6 .  
(1.3) 
Theorem 3. In any coloring of KN with three colors 
T N(N-2)  6 
B+G+R>~ N(N-  1) 
6 
, if N -- 0, 2 (mod 3), 
, if N - -  1 (mod 3). 
These bounds are sharp for each N > O. 
As a corollary, Theorem 2 gives the following Ramsey type theorem. 
(1.4) 
Theorem 4. If N >I 5, any coloring of K N with three colors will contain at least one 
monochromatic triangle, or at least one triangle with exactly two sides of the same 
color. The lower bound 5 is sharp. 
We will see shortly that Theorem 1 implies both Theorem 2 and Theorem 3 in 
a trivial way. 
Giraud [1] has given a very extended and detailed study of triangles in an edge 
coloring of KN with three colors. His objective was a little different from ours. He 
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proved that for sufficiently large N; 
B+G+R> 28.7---- ~ , 





T <~ 9 + O(Na). (1.7) 
He also proved parts of our Theorems 1 and 
N =-- 1 (mod 3). 
3, namely the special case 
2. The basic equations 
Following Sauv6 [5] we attach a weight to each pair of edges at each vertex 
P1, P2,. •.,  PN of the graph Kr+ We let W be the total weight of the graph. Then 
the basic equation comes from computing W in two different ways. 
Let bi, gi, and rj be the number of blue, green, and red edges respectively at the 
vertex Pj(j = 1, 2 , . . . ,  N). Then for each j we have 0 ~< b i, gi, rj ~< N-  1 and 
bi + gi + rj = N-1 ,  (2.1) 
For a pair of blue edges we assign the weight s. Similarly we assign the weight t 
for a pair of green edges, and the weight u for a pair of red edges. For a mixed 
pair of colored edges (the order is not important) we assign the weights: x for a 
blue-green pair, y for a green-red pair, and z for a red-blue pair. Here s, t, u, x, y, 
and z are real numbers. With this assignment of weights the contribution to the 
weight at Pi by mixed pairs is xbig i + ygjr~ + zrjb i. For pairs of the same color the 
contribution to the weight is [sbj(b i - 1)+ tgj(g i - 1)+ uri(r i - 1)]/2. Thus the total 
weight of the system of colored edges is 
w1 = x bjgi + y girj + z r, bj 
:.E" b i (b i -  1) + t E" gi(gi- 1) ~- V r j ( r i -  1) + (2.2) S 2 z., 2 u z., 2 ' 
where all sums run from 1 to N here (and throughout Sections 2, 3, and 4). 
To compute the weight in a different way we look at the colored triangles 
formed by the edges. Let XXY denote the number of triangles with sides colored 
X, X, and Y (with X different from Y). We compute the weight of each triangle. 
For example, the weight of a blue-blue-green triangle is s +2x. Then for the 
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entire system of triangles, the total weight is 
W2 = 3sB + 3tG + 3uR + (x + y + z )T  + (s + 2x)BBG + (t + 2x)BGG 
+ (t + 2y)GGR + (u + 2y)GRR + (u + 2z )RRB + (s + 2z )RBB.  
(2.3) 
But the two computations give the same weight, so we have the basic equation 
W1 = W2. (2.4) 
By selecting the six parameters x, y, z, s, t, and u in a variety of ways, we obtain 
a set of l inear equations in the ten variables B, G, R, T, BBG, . . . ,  RBB.  Thus the 
coloring can not determine these variables uniquely. We can expect to solve for 
any one of the variables in terms of three of the remaining variables. For example, 
when we select six different sets of weights in (2.2) and (2.3), the six equations 
(2.4) that we obtain, will give 
6B = Y~ b, (b , -  1) -  Z b, gj + Y~ rib j + 2BGG-  2RRB + 4RBB.  (2.5) 
However, the same information can always be obtained by an appropriate 
selection of the weights. If we set s = 2, t = 0, u = 0, x =-  1, y = 0, and z = 1 in 
(2.2) and (2.3), then W1 = W2 will also give (2.5). 
Of the many relations that can be obtained by selecting the weights, it seems 
that only three give interesting results. If we set s = t = u = 0 and x = y = z = 1 in 
(2.2) and (2.3), then W1 = W2 will give 
252+ 3T = ~ (big i + gjr/+ rjbi). (2.6) 
If we set s=t=u=2and x=y=z=O,  weobta in  
6(B + G + R)+ 2Sz = Y~ [bi(b j - 1)+ gJ(gi - 1)+ ri(r i - 1)]. (2.7) 
Finally, the selection s = t = u = 2, x = y = z = -1  gives 
6(B + G + R) - 3T  = -Y~ (big j + girj + r~bj) 
+ ~., [bi(b , - 1)+ g,(gj - 1)+ q( r j -  1)]. (2.8) 
One can also obtain equation (2.8) by subtracting equation (2.6) from equation 
(2.7). 
3. Some upper and lower bounds 
To use these equations we need extreme values for the expressions on the right 
side of (2.6), (2.7) and (2.8). 
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Lemma 1. Suppose that b, g, and r are non-negative integers with b + g + r = N-  1. 
Then the max imum value of Q*-=bg+ gr+rb occurs when either b =g = r= 
(N-  1)/3, or no two of b, g, and r, differ by more than one. 
Proof. Without loss of generality assume that 0 ~< b ~< g <~ r. If r -b  > 1, then an ,, 
easy computation shows that 
bg + gr + rb < (b + 1)g + g(r - 1) + ( r -  1)(b + 1). 
Thus by stepwise increasing the smallest and decreasing the largest of {b, g, r} we 
arrive at a configuration of the type described in Lemma 1. [] 
Setting N = 3u, or 3u + 1, or 3u-  1, we obtain 
Lemma 2. Under the conditions of Lemma 1, 
max(bg + gr+rb)=l(N3 1)2, if N-  0, 2 (mod 3), 
if N--  1 (mod 3). 
(3.1) 
We apply Lemma 2 to equation (2.6). Since we have N points an upper bound 
for the sum Y. (bjgj + gjrj + rib j) gives the upper bound in (1.2) immediately. In the 
next section we will prove that the bounds in Theorems 1, 2, and 3 are sharp. 
In a similar manner, we can obtain good lower bounds for the expressions on 
the right side of (2.7) and (2.8) and these lower bounds will give the bounds stated 
in Theorems 2 and 3. But there is a simpler way. 
Set 
Q = ~. big i + gjrj + rib i <~ Qo, (3.2) 
where Qo is the maximum of Q and is given by the right side of (1.2). 
For all triangles we have 
6(B + O + R + $2 + T) = N(N-  1)(N-  2). (3.3) 
If we subtract 4S2+6T~<2Qo from (3.3) we obtain 
6(B + G + R)  + 2S2 >~ N(N-  1)(N-  2 ) -  2Qo (3.4) 
and this will give the bound in Theorem 2. 
If we subtract 6S2+9T<~3Qo from (3.3) we will find that 
6(B + G + R) -  3T>~ N(N-  1)(N-  2 ) -  3Qo (3.5) 
and this will give the bound in Theorem 3. 
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4. The bounds are shal'p 
The relation (2.6) is an equality. Thus to prove that our bounds are sharp, it is 
sufficient to give a graph in which the number of edges bj, gj and r i satisfy the 
conditions for an extreme in Lemma 1, namely: either b =g = r= (N-1) /3  at 
each point, or no two of {b, g, r} differ by more than one. 
Although our results are stated in terms of congruence modulo 3, we have 
found it necessary to consider six cases in accordance with the remainder when N 
is divided by 6. We begin with the simplest case. 
Case 1 
Let N = 6q + 1, where q is a positive integer. It is convenient to renumber the 
vertices, changing from P1, • • •, PN to Po, • • •, PN-1. To obtain an extremal graph 
we visualize the points arranged in order on a circle. Then we connect the point 
Po to the nearest q neighbors on each side with blue lines. Thus the q edges 
PoPx, POPE,..., PoPq on one side are blue. So also are the q edges on the other 
side PoP6q, PoP6q-t,..., PoP5,~+x. We use green edges for the next q lines on 
either side. Thus the following edges are green: PoPq+l, PoPq+2,.- - ,  PoP2q, 
PoPsq, PoP5,~-I,..., PoP4q+a. The color red is assigned to the remaining edges 
PoP2q+x, PoP~+2, •• •, PoP4,. Thus at Po there are 2q blue edges, 2q green edges, 
and 2q red edges. This meets the demands of our lemmas for b i = gi = ri at Po- We 
now repeat this pattern at each point. To be precise PoPj and P~,Pi÷k 
are colored the same (j = 0, 1, 2 , . . . ,  N -  1, k = 1, 2, . . . ,  N -  1). Of course if 
j+  k >~N, we reduce mod N. This coloring is consistent because the color is 
determined by the distance between two points measured along the circle. In fact 
this is the reason we consider the congruence of N modulo 6 rather than modulo 
3. This completes the proofs of Theorems 1, 2, and 3 in case N-1  (mod 6). 
Case 2 
Let N = 6q + 2. We build on to the graph in Case 1 by adding a new point P*. 
For convenience let S denote the graph on 6q + 1 points colored as described in 
Case 1. We adjoin the point P* and connect P* with any 2q points in S with blue 
edges. We connect P* to 2q other points in S with green edges. The remaining 
points in S are joined to P* with red edges. Now for each j the coloring [b i, gj, ri] 
at Pi has one of the forms, [2q + 1, 2q, 2q] or [2q, 2q + 1, 2q], or [2q, 2q, 2q + 1]. 
This completes the proofs of Theorems 1, 2 and 3 in case N m 2 (rood 6). 
Case 3 
Let N = 6q + 3. We begin with the graph S described in Case 1 and add two 
new points P* and P'. We color P*Pj as in Case 2 for j = 0, 1, 2, . . . .  6q + 1. We 
color P'Pi: green if P*Pi is blue, red if P*Pj is green, and blue if P*Pi is red. Thus 
for j = 0, 1, 2 , . . . ,  6q + 1 the coloring at Pj is either [2q, 2q + 1, 2q + 1] or [2q + 
1, 2q, 2q + 1], or [2q + 1, 2q + 1, 2q]. Finally color P*P' green. The coloring at P* 
is [2q, 2q+l, 2q+l], and at P'  the coloring is [2q+l, 2q+l, 2q]. 
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Case 4 
Let N- -6q  +4. Let S be the graph on 6q + 1 points colored as in Case 1. 
Partition the points of S into subsets T, U, and V so that T has 2q + 1 points, U 
has 2q points, and V has 2q points. Adjoin to S three new points P*, P', and/5. 
Let TP* denote any edge from a point in the set T to P*, with a similar 
abbreviation using U, V, P', and/5. We color the new edges as follows: TP* blue, 
TP' green, T/3 red, UP* green, UP' red, UP blue, VP* red, Vi a' blue, V/5 green, 
P*P' red, P'/5 blue, and /SP* green. Inspection shows that the coloring at each 
point is [2q + 1, 2q + 1, 2q + 1]. 
Case 5 
Let N- -6q  + 5. We build on to S*, the graph on 6q +4 points colored as in 
Case 4. Adjoin a new point P** and color the edges from P** to points of S* so 
that 2q + 1 are blue, 2q + 1 are green and 2q + 2 are red. Then at each point the 
coloring has either the form [2q + 1, 2q + 1, 2q + 2], or [2q + 1, 2q + 2, 2q + 1], or 
[2q + 2, 2q + 1, 2q + 1]. 
Case 6 
Let N = 6q. Remove one point Po and all the edges PoP i from the colored 
graph S constructed in Case 1 where N = 6q + 1. 
This completes the proof of Theorems 1, 2 and 3. 
Theorem 4 follows immediately from Theorem 2. In fact if N = 5, the graph will 
contain at least: either 
(a) two monochromatic triangles, or 
(b) one monochromatic triangle and two 2-colored triangles, or 
(c) five 2-colored triangles. 
To see that Theorem 4 is sharp consider the complete graph on four points 
Px, Pz,/>3, P4 colored as follows: PIP2 and P3P4 blue, PxP3 and P2P4 green, P1P4 
and P2P3 red. For this graph B = G = R = $2 = 0 and T = 4. 
5. Some remarks 
We return to the open problem mentioned in the introduction. This is to find 
4~(N) the minimum value of B + G + R for any coloring of K~r with blue, green, 
and red. Greenwood and Gleason [4] proved that ~(N)= 0 for 2<~N<~16 and 
4>(N) > 0 for N> 16. WaUis [6] proved that 3 ~< ~b(17)~< 5, but the precise value of 
4~(N) for N~ > 17 is unknown. 
It is reasonably clear that none of Theorems 1, 2, and 3 can be of much use in 
finding ~b (N). In the first place the extremal colorings in those theorems are not 
extremal colorings for ~b(N). For example if N = 13 the graph described in Case 1 
(N = 6q + 1 with q = 2) has 13 solid blue triangles, whereas ~b(13) = 0. 
Further we observe that our extremal graphs are not unique. An interesting 
example occurs in Case 2 when N = 8. We start with the graph S described in 
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Case 1 for q = 1 but when we adjoin a new point P* we can color the lines P*Pi 
in various ways. According to Theorem 2 with N = 8, the minimum 
B+G+R+Sa=N(N-2)(N-3) 40 
3 18 3 " (4.1) 
First method. Join P* to Po and P1 with red lines, join P* to P2 and P3 with 
green lines, and join P* to P4, Ps, and P6 with blue lines. A careful count gives 
B = 2, G = R = 0, and $2 = 34. Thus equation (4.1) is satisfied. 
Second method. Join P* to Po, P2, and P5 with blue lines, join P* to P3 and P4 
with green lines, and join P* to P1 and P6 with red lines. In this graph 
B = G = R = 0 and $2 = 40. Thus equation (4.1) is again satisfied. 
Since B + G + R = 2 in the first graph, and 0 in the second graph it follows that 
the two graphs are not isomorphic with respect o either renumbering or recolor- 
ing. And yet both graphs are extremal graphs for Theorem 2 (and also Theorems 
1 and 3). 
6. More than three colors 
Suppose that we color each edge of Kn with one of the k colors cl, c2, . . - ,  Ck. 
Let M be the number of monochromatic triangles, B the number of bicolored 
triangles, and T the number of tricolored triangles. In this section we generalize 
Theorems 1, 2, and 3 to any coloring of Kn with k colors. 
At each vertex Pj we introduce the color sequence ,_j(t/(-t), d~ 2), . . . , d~ k)) where 
d~a~ is the number of edges colored ca that meet Pi- Of course we have the I 
conditions 
k N 
d~.a) _,r/~-a~= N-  1, and ~ _, = an even number. (6.1) 
a=l  j= l  
As in Section 2, we attach a weight to each pair of edges that meet at a vertex. 
We let w = 0 for a pair of edges of the same color, and we let w -- 1 for a pair of 
edges that carry two different colors. Looking at each triangle, we find that the 
total weight of Kn is 2B + 3T. Summing the weights at each vertex gives 
N 
2B + 3T= )", ~ d(a~r/(~ Q. (6.2) - J  - i  
j= l  l~a<lB~<k 
With a little effort the methods of Lemmas 1 and 2 applied to the more general 
sum 
Qi =-- ~ -i'/(a~d(°~-i (6.3) 
l~a<B~k 
will give: 
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d (~'~ and Y~=I d(~'~ =N-  1, then the maximum value of Qi occurs Lemma 3. I f  0 <~-i -J 
when either each _jh (~-- (N -  1)/k or Ib~ -  b~l  <- 1 for all pairs a, [3 = 1, . . . ,  k. 
To determine the maximum value of Qi set 
N -1  0 
2k - q +2k  ' (6.4) 
where q and p are integers with 0 <~ p < 2k. If 0 ~< p ~< k, then max Qi occurs for a 
color sequence in which 2q + 1 occurs p times and 2q occurs (k - 0) times. Then a 
moderate computation gives 
max Qj = (N-  1 + p) (N-  1 - p) + 
p(p -  1) 
2 
(6.5) 
If k ~ p < 2k, then max Qi occurs for a color sequence in which 2q + 2 occurs 
(0 -k )  times and 2q + 1 occurs (2k -0)  times. Another moderate computation 
shows that 
k -1  
max Qi = (N-  1 + k - p ) (N-  1 + P -  k) --~--~ 
Summing over all vertices we have Q ~< Qo, where 
(p- k) (o  - k - 1 )  
2 
(6.6) 
k -1  N#(p-  1) 
Oo-  N(N-  1 + p) (N-  1 - p) - -~+ 2 (6.7) 
if O<~p~<k, and 
Qo= N(N-  1+ k - p) (N-  1 -  k + p) 
k-1  N(p -k ) (p -k -1 )  
+ (6.8) 
2k 2 
if k~<p<2k.  
If we combine this with (6.2) we have proved: 
Theorem 5. In any coloring of Ks  with k colors 
2B+3T<~Qo,  
where Qo is defined by equations (6.4), (6.7) and (6.8). 
(6.9) 
We combine the inequality (6.9) with the identity 6 (M+B+T)= 
N(N-1)(N-2), as we did to obtain the inequalities (3.4) and (3.5). This gives 
Theorem 6. In any coloring of KN with k colors 
Oo3 (6.10) 
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and 
2 ' (6.11) 
where Oo is defined by equations (6.4), (6.7), and (6.8). 
In most cases the bounds found in Theorems 5 and 6 are sharp. A complete 
analysis of all possible pairs (N, k) seems to be very difficult. The bounds will be 
sharp whenever there is a coloring at each vertex of the type described in Lemma 
3. However it is not always possible to color KN this way. For example, suppose 
that N = 5 and k -- 4. Then by equation (6.4), q = 0 and p = 4. In this case Lemma 
1 requires that the color sequence at each point is (1, 1, 1, 1). This gives edges in 
which 5 of the ends have the same color, or 2.5 edges have the same color, and 
this is impossible. Thus the bounds in Theorems 5 and 6 are not sharp when N = 5 
and k -- 4. 
On the other hand suppose that N = 2kq + 1 for some integer q. In this case 
p = 0, and Lemma 3 demands 2q edges of each color at each vertex. We number 
the vertices P1, P2 , . . . ,  Pr,r and color the edge P~Pj with the color c,~ if and only if 
there is some integer tz such that (ot-1)q<[i- j+lzl~otq, for ot = 1 ,2 , . . . ,  k. 
With this coloring each vertex has 2q edges of each of the k colors, and hence the 
bounds in Theorems 5 and 6 are sharp. 
Following the method of Section 4, we may consider the various cases: 
N = 2kq + 19 + 1 for p = 1, 2 , . . . ,  2k - 1. Such a program seems to be very compli- 
cated, and we do not pursue it at this time. 
We can obtain bounds that are independent of p. A brief computat ion with the 
expressions for Q0 given in (6.7) and (6.8) shows that the maximum, as a function 
of p, occurs at the end points. Putting p = 0 or k in (6.7) and p = k or 2k in (6.8) 
gives 
Qo<~N(N_ 1) 2 k - 1 (6.12) 
2k 
for all N I> 1 and all k >/3. Combining this with Theorem 5 and 6, we find that for 
any coloring of KN with k I> 3 colors, 
2B + 3T<-N(N-  1) 2 k - 1 (6.13) 
2k ' 




T N(N-  1) 
M>~ [N(k - 3) + k + 31. (6.15) 
2 12k 
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Note added in proof 
For a survey of results on Ramsey theory see the excellent paper by Stefan Burr 
and Vera Rosta, On the Ramsey multiplicities of graphsmproblems and recent 
results, J. Graph Theory 4 (1980) 347-361. 
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